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Abstract 

r> I We investigate the problems of consistency and causality for the equations of nio- 

C^ I tion describing massive spin two field in external gravitational and massless scalar 

dilaton fields in arbitrary spacetime dimension. Prom the field theoretical point 
of view we consider a general classical action with non-minimal couplings and find 
gravitational and dilaton background on which this action describes a theory con- 
sistent with the flat space limit. In the case of pure gravitational background all 
field components propagate causally. We show also that the massive spin two field 
can be consistently described in arbitrary background by means of the lagrangian 
representing an infinite series in the inverse mass. Within string theory we ob- 
tain equations of motion for the massive spin two field coupled to gravity from 
the requirement of quantum Weyl invariance of the corresponding two dimensional 
sigma-model. In the lowest order in a' we demonstrate that these effective equations 
of motion coincide with consistent equations derived in field theory. 
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1 Introduction 

The purpose of this paper is twofold - first, to describe consistent theory of massive spin 
2 field interacting with external gravity from the point of view of classical field theory 
and, second, to derive effective equations of motion for this field from string theory. 

The problem of consistent description of higher spin fields interaction has a long history 
but is still far from the complete resolution. Within framework of standard field theory 
it is possible to construct a classical action for the higher spin fields only on specific 
curved spacetime manifolds |jl]]-@]Q- For example, massive integer spins are described 
by symmetric tensors of corresponding ranks and one can write down the equations of 
motion and find classical actions for them but only in special spacetimes (e.g. in Ricci 
flat spaces). It means that in such an appoach gravity field does not feel the presence of 
higher spins matter through an energy-momentum tensor. So a consistent classical action 
for the system of dynamical gravity and a higher massive field is still unknown and there 
are some indications that perhaps it does not exist at all. 

One of these indications comes from considering a Kaluza-Klein decomposition of 
Einstein gravity in D— dimensional spacetime into gravity plus infinite tower of massive 
second rank tensor fields in [D — 1)— dimensional world, masses being proportional to 
inverse compactification radius. Then the resulting four dimensional theory of spin 2 
fields interacting with gravity and with each other should be consistent as one started 
from the ordinary Einstein theory and just considers it on a specific manifold. But as was 
shown in [^ , it is impossible to reduce this theory consistently to a finite number of spin 
2 fields, i.e. consistency can be achieved only if the whole infinite tower of higher massive 
fields are present in the theory. 

The main problem in higher spin fields theories is that introduction of interaction may 
excite new unphysical degrees of freedom which lead in general to appearance of negative 
norm states in the hilbert space and to violation of causality. In free theories these un- 
physical degrees are absent due to transversality and tracelessness conditions. Lagrangian 
description of these conditions requires auxiliary fields vanishing on equations of motion 
|[TT| , p!2| . In arbitrary interacting theories the auxiliary fields may become dynamical and 
to make them vanishing again one has to impose some additional restrictions on the kind 
of interaction. 

As a first step towards a full dynamical theory of interacting higher spin fields one 
usually tries to describe a single higher spin massive field in an external electromagnetic or 
gravitational background |P, H, |], H, 0, |l5l. In this case one way to achieve consistency 



is to impose appropriate restrictions on the external background field. For example, it 
is well known that consistent theories of higher massive spin fields can be easily built in 
the spacetimes of constant curvature. In the Section 2 we describe in detail the theory of 
massive spin 2 field in curved spacetime and show how these restrictions on the external 



^For description of higher spin massless fields on specific background see e.g. |0, g], the case of a 
collection of massless spin-2 fields was investigated in [^ 



gravitational background arise. As a result we will arrive to a one-parameter family of 
lagrangian theories which describe consistent propagation of the spin 2 field in arbitrary 
Einstein spacetime. 

There exists another possible way to achieve consistency by constructing equations 
for higher massive fields in form of infinite series in inverse mass (or, equivalently, in 
curvature). A recent attempt in this direction was undertaken in [^ where, however, only 
theories on symmetric Einstein manifolds were considered and consistent equations were 
derived in the simplest approximation linear in curvature. 

In this paper we demonstrate that consistent equations for the spin 2 massive field 
can, in principle, be constructed as infinite series in inverse mass square in arbitrary 
gravitational background. These kinds of infinite series arise naturally in string theory 
which represent another approach for consistent description of higher spins interaction. 

String theory contains an infinite number of massive fields with various spins inter- 
acting with each other and with a finite number of massless fields. Unfortunately, there 
are arguments that in string theory a general coordinate invariant effective field action 
reproducing the correct S-matrix both for massless and massive string states does not 
exist [jl6|. The full effective action for all string fields is not general coordinate invariant 



and general covariance arises only as an approximate symmetry in effective action for 
massless fields once all the massive fields are integrated out. That effective action for 
massive fields cannot be covariant follows, for example, from the fact that terms cubic in 



massive fields can contain only fiat metric and there is no terms of higher powers |T6|. 

Influence of massive string modes is negligible at low energies but they become impor- 
tant, for instance, in string cosmology [|l^ (for a recent review see e.g. [0) so it would be 
desirable to have consistent equations describing interaction of the massive string fields 
with gravity. 

And indeed, there exists a possibility to derive from the string theory some covariant 
parts of equations for massive higher spins fields interacting with background gravity. 
The aim of our paper is to show explicitly how this procedure works using as an example 
dynamics of the second rank tensor from the first massive level of open bosonic string. 

A convenient method of deriving effective field equations of motion from the string 
theory is provided by the a— model approach [19|-[^|. Within this approach a string 



interacting with background fields is described by a two dimensional field theory and 
effective equations of motion arise from the requirement of quantum Weyl invariance. 
Perturbative derivation of these equations is well suited for massless string modes be- 
cause the corresponding two dimensional theory is renormalizable and loop expansion 
corresponds to expansion of string effective action in powers of string length \foi' . 

Inclusion of interaction with massive modes ||3^-||3^ makes the theory non-renorma- 



lizable but this fact does not represent a problem since in string theory one considers 
the whole infinite set of massive fields. Infinite number of counterterms needed for can- 
cellation of divergences generating by a specific massive field in classical action leads to 
renormalization of an infinite number of massive fields. The only property of the theory 



crucial for possibility of derivation of perturbative information is that number of massive 
fields giving contributions to renormalization of the given field should be finite. As was 



shown in ||3^ string theory does fulfill this requirement. To calculate /3— function for 
any massive field it is sufficient to find divergences coming only from a finite number of 
other massive fields and so it is possible to derive effective equations of motion for any 
background fields in any order in ct'. 

This procedure have serious limitation - it does not allow to derive non-perturbative 
contributions to the string effective action. It is well known that correct terms cubic in 
massive fields (quadratic terms in equations of motion) cannot be found within perturba- 
tive renormalization of a— model. For example, perturbative /3— function of tachyon field 
is linear in all orders in a' and interacting tachyonic terms are due to non-perturbative 
(from the point of view of two dimensional field theory) effects [^ . 

To find these non-perturbative contribution one should use the method exact renor- 



malization group (ERG) |^-[Q. It is ideally suited for string theory because, first of all. 



its formulation does not require any a priori defined perturbative scheme, and secondly, 
the equations of exact renormalization group are quadratic in interaction terms thus re- 
sembling the cubic structure of exact string field action. But ERG method also has a 
serious disadvantage as it requires explicit separation of classical action into free and in- 
teraction parts and thus leads to non-covariant equations for background fields. From the 
general point of view this fact does not contradict general properties of string theory. We 
have already mentioned that exact effective action describing both massless and massive 
string modes should be non-covariant. But non-covariance of the ERG method makes 
it rather difficult to establish relations between string fields equations and ordinary field 
theory. 

So in this paper we derive covariant equations of motion for massive string fields 
interacting with gravity by means of ordinary perturbative analysis of quantum Weyl 
invariance condition in the corresponding a— model. Of course, perturbatively we can 



obtain equations only linear in massive fields. It was noted long ago [16| that one can 
make such a field redefinition in the string effective action that terms quadratic in massive 
fields (linear terms in equations of motion) acquire dependence on arbitrary higher powers 
of massless fields and so may be covariant. In this paper we explicitly obtain these 
interaction terms in the lowest in a' approximation. We do not get terms quadratic in 
massive fields which should be non-covariant and arise only non-perturbatively. 

As a model for our calculations we use bosonic open string theory interacting with 
background fields of the massless and the first massive levels. First massive level con- 
tains symmetric second rank tensor and so this model provides the simplest example of 
massive higher spin field interacting with gravity. In order to obtain equations of motion 
for string fields we build effective action for the corresponding two dimensional theory, 
perform renormalization of background fields and composite operators and construct the 
renormalized operator of energy momentum tensor trace. 

This rather standard scheme was first developed for calculations in closed string theory 



with massless background fields |]20| , |27| , ^ and then was generahzed for the open string 



theory ^, ^ ^, Q and for strings in massive fields ||33|. The new feature appearing 



in open string theory is that the corresponding two dimensional sigma model represents 
a quantum field theory on a manifold with a boundary. To construct quantum effective 
action in such a theory we use generalization of Schwinger-De Witt method for manifolds 
with boundaries developed in the series of papers [H^ . 



Making perturbative calculations we restrict ourselves to string world sheets with 
topology of a disk. The resulting equations of motion for graviton will not contain depen- 
dence on massive fields from the open string spectrum because these fields interact only 
with the boundary of world sheet and so can not influence the local physics in the bulk. 
For example, in the case of graviton and massive fields from the open string spectrum 
one expects that equations of motion for the graviton should look like ordinary vacuum 
Einstein equations without any matter. Of course, one can obtain contributions from 
open string background fields to the right hand side of Einstein equations for gravity but 
it would demand considering of world sheets of higher genus ESl E7 . 



The organization of the paper is as follows. In the Sec. 2 we describe the most gen- 
eral consistent equations of motion for massive spin 2 field on a specific class of curved 
manifolds from the point of view of ordinary field theory and generalize them for the 
interaction with scalar dilaton field in the Sec. 3. In the next section we show how the 
scheme can be generalized to the case of arbitrary gravitational background by means of 
either non-lagrangian equations or equations representing infinite series in inverse mass. 
Sec. 5 contains description of the string model that we use for derivations of effective 
equations of motion of string massive fields. We calculate divergences of the theory in 
the lowest order, carry out renormalization of background fields and composite operators 
and construct the renormalized operator of the energy-momentum tensor trace. Require- 
ment of quantum Weyl invariance leads to effective string fields equations of motion. We 
compare with each other equations of motion derived in two previous sections and show 
that string theory gives (at least in the lowest order) consistent equations for the spin 2 
massive field interacting with gravity. Conclusion contains summary of the results. 

2 Massive spin 2 field coupled to gravity in field the- 
ory 

In this section we give detailed analysis of the lagrangian formulation for the free spin 2 
massive field and then generalize it for the presence of external gravitational field. The 
first requirement one should impose on such a theory is preservation of the same number of 
degrees of freedom and constraints as in the flat theory. Another important feature of any 
consistent relativistic theory is causality, which means that the equations of motion should 
not describe superluminal propagation |TB[ (see also |]n[ for a review). The result obtained 



in this section is a lagrangian which depends on one arbitrary dimensionless parameter of 



non-minimal coupling and describes consistent propagation of the spin 2 massive field in 
arbitrary Einstein spacetime, i.e. it contains the same number of lagrangian constraints 
as in the flat spacetime and does not violate causality. 

In the fiat spacetime the massive spin 2 field is described (as follows from the analysis 
of irreducible representations of 4-dimensional Poincare group) by symmetric transversal 
and traceless tensor of the second rank H^^ satisfying mass-shell condition: 

(a^-m^)//^, = 0, d>'H^, = Q, i/% = 0. (1) 

In higher dimensional spacetimes Poincare algebras have more than two Casimir operators 
and so there are several different spins for D > A. Talking about spin 2 massive field in 
arbitrary dimension we will mean, as usual, that this field by definition satisfies the same 
equations (^ as in D = 4. After dimensional reduction to D = 4 such a field will 
describe massive spin two representation oi D = 4 Poincare algebra plus infinite tower of 
Kaluza-Klein descendants. 

The most convinient approach to building interacting field theories is a lagrangian one 
and, in fact, the general point of view is that any consistent equations of motion should 
follow from some classical action. In the case of the free massive spin 2 field it is well 
known that all the equations (|I]) can be derived from the Fierz-Pauli action [pT] : 



S = Jd^'xI^^d^Hd^'H -^d.H.pd^H-'^ -^d^H.^d'^H + ^d,H,,d'H''^' 

-^H,.H^^ + ^H^] (2) 

where H = rj'^'^H^^. 

The general scheme of calculating the complete set of constraints in lagrangian for- 



malism IQ is equivalent to the Dirac-Bergmann procedure in hamiltonian formalism and 
in the case of second class constraints (which is relevant for massive higher spin fields) 
consists in the following steps. If in a theory of some set of fields 0^(x), A = 1, . . . ,N the 
original lagrangian equations of motion define only r < A^ of the second time derivaties 
("accelerations") cj)^ then one can build N — r primary constraints, i.e. linear combi- 
nations of the equations of motion that does not contain accelerations. Requirement of 
conservation in time of the primary constraints either define some of the missing accel- 
erations or lead to new (secondary) constraints. Then one demands conservation of the 
secondary constraints and so on, until all the accelerations are defined and the procedure 
closes up. 

Applying this procedure to the action (0) one can see that the equations of motion 

- m'H^, + m^Hr]^, = (3) 
contain D primary constraints (expressions without second time derivatives H^j,^): 

Eoo = AHii-didjHij-m^Hii = ^^^'' ^0 (4) 

Eoi = AHoi + diHkk - dkHki - didkHok - m'^Hoi = (pf^ ^ 0. (5) 



The remaining equations of motion Eij = allow to define the accelerations Hij in terms 
of H^i, and H^^. The accelerations Hqq, Hqi cannot be expressed from the equations 
directly. 

Conditions of conservation of the primary constraints in time Eq^ ^ lead to D 
secondary constraints. On-shell they are equivalent to 

(^i^) = d>'E^, = m^d.H - Tn'd^H^, ^ (6) 

Conservation of <{)\ defines D — \ accelerations Hqi and conservation of ^Jq gives 
another one constraint. It is convenient to choose it in the covariant form by adding 
suitable terms proportional to the equations of motion: 

(3) _ a^a-R + ^!^^/-R = Hm^^^^ ^ (7) 

Conservation of (^^^^ gives one more constraint on initial values 

¥p(^) = -Hoo + Hkk = H^O (8) 

and from the conservation of this last constraint the acceleration Hqo is defined. 

Altogether there are 2D +2 constraints on the initial values of H/j^i, and H/j^iy. The theory 
contains the same local dynamical degrees of freedom as the system (|l|) and describes 
traceless and transverse symmetric tensor field of the second rank. 

Now if we want to construct a theory of massive spin 2 field on a curved manifold 
first of all we should provide the same number of propagating degrees of freedom as in 
the flat case. It means that new equations of motion E^^ should lead to exactly 2D + 2 
constraints and in the flat spacetime limit these constraints should reduce to their fiat 
counterparts. In addition to consistency with the flat space limit any field theory should 
possess one more crucial property connecting with causal propagation |jT3|, Q . In general 
case interaction with external fields changes light cones describing propagation of spin 2 
massive field [0 so causality may give another restrictions on the theory. 

Generahzing (Q) to curved spacetime we should substitute all derivatives for the co- 
variant ones and also we can add non-minimal terms containing curvature tensor with 
some dimensionless coefficients in front of them. As a result, the most general action for 
massive spin 2 field in curved spacetime quadratic in derivatives and consistent with the 
fiat limit should have the form |]l|: 

-L "^ R W W"/^ _L '^2 R ^2 I '^3 TDfiaufB tt rr , ^4 jja/S tt tt (t . ^^5 pa/3 tt tt 
+ ^-K-na/3-n + —rin + —n'^ Hf^yHafs + —ri tlaaiifs + —H riapn 

- '^H.^H^'' + ^H^] (9) 



where oi, . . . 05 are so far arbitrary dimensionless coefficients, W^uXn = "^aF^^^ — • • •, R^iu 

fiXu- 



R^ 



Equations of motion 



E^ 



flU 



V^H, 



/.w 



G,,,V^H + V,.V.if + G^,V"V^ifa« - V.V^/7% - V.V./7" 



+ 2aiRHuu + 2a2GauRH + 2a^Rn"'J Hi 



Q/3 

'a/3 "t" O-aR^i Ha^ + 04/?;^ ifo,^ 




+ a^R^,H + a.G^.R'^^H^p - m^H^, + m'HG^, ^ (10) 

contain second time derivatives of H^j^ in the following way: 

Eoo = (G"""-GooG'°°G'"" + GooG°"^G°")VoVoi/,„n + 0(Vo), 

Eo^ = (-Go.G°°G'"^'^ + Go.G°™G°"-G°™(5r)VoVof^„.„ + 0(Vo), 

E,, = (G'°°5r<5;-G,,GOOG™" + G',,G'°"^G°")VoVoif^„ + 0(Vo). (11) 

So we see that accelerations Hqq and ffoj again (as in the flat case) do not enter the 
equations of motion while accelerations ifjj can be expressed through H^^, H^j^ and their 
spatial derivatives. 

There are D linear combinations of the equations of motion which do not contain 
second time derivatives and so represent primary constraints of the theory: 



^i^^ 



E\ = G'^'Eou + G^^E, 



^JM 



(12) 



Now one should calculate time derivatives of these constraints and define secondary ones. 
In order to do this in a covariant form we can add to the time derivative of Lp^^'^ any linear 
combination of equations of motion and primary constraints. So we choose the secondary 
constraints in the following way: 



^f 



V^E^, = ^l'^ + d,E\ + Tl,^^'^ + Tl,E\ - Tl,v\^ 



(1) 



i(i) 



^l^E\ 



)V^H^, + {2a2R + m^)V,H + 2a:,R^''/V ^H^p + a^R'^'^V^H^ 



■'afi 

{2aiR - rnf 

+ (a4 - 2)i?",V'^i7a^ + a^R'^^y.H^^ + (as + l)i?%V,if 

+ (2ai + ^)H^,V"R + (2a2 + '^)HV,R 



+ H, 



aP 



(2a3 + as + l)V,i?"^ + (a4 - 2a3 - 2)V°i?^, 



(13) 



At the next step conservation of these D secondary constraints should lead to one new 
constraint and to expressions for D — 1 accelerations Hoi. This means that the constraints 
(|T^) should contain the first time derivatives Hq^^ through the matrix with the rank D — 1: 



(2) 
^0 



(2) 



<^. 



rank ^^'^ = rank 



A Hoo + B^Ho, + . . . 
GiHqq + Di^Hoj + . . . 

A B^ 



D 



In the fiat spacetime we had the matrix 



$, 





m^^f 



(14) 
(15) 

(16) 



In the curved case the exphcit form of this matrix elements in the constraints (|T^) is: 
A = i?G°°(2ai + 2a2)+i?°°(a4 + a5) + i?%G°°(a4 + a5-l) 






m 



■G^^ + RG°^{2ai + 4a2) + 2a3i?°^o° + R^G^^a^ - 2) 



+ i?°^(a4 + 2a5) + i?%G°^(a4 + 205) 
it jG [cia ~\~ o,^ — 1 , 



m 



+ 05 
'G'''6{ + 2aiRG'''6{ + 2a,R''^i' + a^R^^l 



+ (04 - 2)/?^iG°° + (04 + 2a^)RlG^^ 



(17) 



At this stage the restrictions that consistency imposes on the non-minimal couplings 
and on the external gravitational field reduce to the requirements that the above matrix 
elements give det <l> = while det Di^ 7^ 0. 

One way to fulfill these requirements is to impose the following restriction on the 
external gravitational fields: 



R 



IMU 



— G^yR . 



'li 



It means that one considers only Einstein spacetimes |Q representing solutions of vacuum 
Einstein equations with cosmological constant. In these spacetimes the scalar curvature 
R is constant as follows from the Bianchi identity V^R^y = ^V^R but the Weyl tensor 
part of the curvature tensor can be arbitrary. 

If the Einstein equation (|l^) for external gravity is fulfilled the coefficients a^, 05 in 
the lagrangian @ are absent and the matrix $ takes the form: 



$/ 



RG^%2ai + 2a2 - ^] 







RG°^{2ai + 402) + 2a3i?°Jo° + m^G^^ 



m 



'G^^s^: 



(19) 



2a3i?°^i° + i?G™(5,^(2ai-;5; 

The simplest way to make the rank of this matrix to be equal to D — 1 is provided by the 
following choice of the coefficients: 



2ai 



1 

2a2 

D 



0, 



as = 0, 



2i?(ai--l 



m^ ^0. 



(20) 



As a result, we have one-parameter family of theories 

e 1-2^ 



a^ = -, 



^2 



2D 



03 = 0, 04 = 0, 05 = 



R 



iJbV 



Cr^jylX, 



2(1-0 



D 



R + m'^ y^O. 



(21) 



with ^ an arbitrary real number. 

The action in this case takes the form 



S = jd''xV^\^-V^HVH - ^V^H,,V"H" - ^V^H^.VH + iv^H^pV'tf"" 



+^flff„„i/'"' 



1 -2^ 
AD 



RH^ 



^H,.H^^^^H' 



(22) 



and the corresponding equations of motion are 



E 



flU 



V^H., - G.,V^H + V.VuH + G.^V'V^HaB - V^V.H% - V^V.iJ'^ 



2^ 



D 



'^^RHGuu - m^H^^ + rri^HG 



' flU 



^ /lU 



flU 



The secondary constraints buih out of them are 
and the matrix $ looks hke 



v^r 



2 2(1 -n 



D 



(23) 



(24) 



$, 



9 2(1 -n„ 

rn + j^ R 






G"^^ 





-G^^Si 



(25) 



,^(2) 



Just hke in the fiat case, in this theory the conditions 0^ ~ define the accelerations Hoi 

(2) 

and the condition ipQ ^ after excluding Hqi gives a new constraint, i.e. the acceleration 
-f^oo is not defined at this stage. 

To define the new constraint in a covariant form we use the following linear combination 
of '^^i^\ equations of motion, primary and secondary constraints: 



V 



(3) 



D-2 ^ 



VV'E, 



fJLU 



2(\ — f) 



1 /2(l-n ^\/D + 2^il-D) ^, 

H- ( ^ „ ^' R + m^]i ^l '-R + m^{D- 1] 



D-2\ D J\ D 

Requirement of its conservation leads to one more constraint 



V 



o(3) ^ ij 



V 



(4) 



H ^Q. 



0. (26) 



(27) 



The last acceleration Hqq is expressed from the condition Lp^^^ ^ 0. 

Using the constraints for simplifying the equations of motion we see that the original 
equations are equivalent to the following system: 



V H^u + 2i?"^ yHap 



2(e-l) p^ .^ 



0, 



H^ 



0, 



H^" 



0, 



V^H, 



flU 



0, 



(2^ 



G°°VoV,i/V - G^'VoV^H\ - G'^'ViVoH^ - G'^W^W.Hl - 2i?"'"^,if, 



'a/3 



2(e-i: 

D 



RH^ 



^2 rrO 



0. 



The last expression represents D primary constraints. 

For any values of S, the theory describes the same number of degrees of freedom as 
in the fiat case - the symmetric, covariantly transverse and traceless tensor. D primary 
constraints guarantees conservation of the transversality conditions in time. 



9 



Now we turn to the discussion of causality for the spin 2 field equations. Analogous 



problem with dynamical gravity was investigated in [Q (see also ||T3|, |T^ for causality 
problem in electromagnetic background). In general, when one has a system of differential 
equations for a set of fields (p^ (to be specific, let us say about second order equations) 

MAB'^'d^d,^'' + . . . = 0, fi,u = 0,...,D-l (29) 

the following definitions are used. A characteristic matrix is the matrix function of D 
arguments n^ built out of the coefficients at the second derivatives in the equations: 
MAsin) = MAs'^^'n^ny. A characteristic equation is detM^B(^) = 0. A characteristic 
surface is the surface S{x) = const where c?^S'(x) = n^. 

If for any rii {i = 1, . . . , D — 1) all solutions of the characteristic equation rtQini) are real 
then the system of differential equations is called hyperbolic and describes propagation of 
some wave processes. The hyperbolic system is called causal if there is no timelike vectors 
among solutions n^ of the characteristic equations. Such a system describes propagation 
with a velocity not exceeding the speed of light. If there exist timelike solutions for n^ 
then the corresponding characteristic surfaces are spacelike which violates causality. 

In the flat spacetime the equations for the spin 2 field ([^) lead to the characteristic 
equation 

detM(n) = (n2)^(^+i)/2 (30) 

which has 2 multiply degenerate roots: 

,2 , ^2 _ n ^_ _ _L./^2 



-?2o + 'n-j=0, no = ±ynf. (31) 

The solutions for n^ are real and null hence the equations are hyperbolic and causal. 

Now consider the curved spacetime generalization. If we tried to use the equations of 
motion in the original lagrangian form (|23| ) then the characteristic matrix 

M^/'^(n) = 5(,,)^^^^n' - G^.G^'^n' + G^^n^n, + G.^n^n'^ - di^n^^n, - (J^^n^^n, (32) 

would be degenerate. This fact can be seen from the relation 

n^'M^/^^n) = (33) 

which means that any symmetric tensor of the form n(^^t^^ (with t^ an arbitrary vector) 
represents a "null vector" for the matrix M{n) and therefore detM = 0. 

After having used the constraints we obtain the equations of motion written in the 
form (|28|) and the characteristic matrix becomes non-degenerate: 

M^,^^{n) = 6^,^^n\ n^ = G'^^n^n^. (34) 

The characteristic cones remains the same as in the flat case. At any point xq we can 
choose locally G'^^{xq) = rj"'^ and then 



n^ 



= -nt + K (35) 
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Just like in the flat case the equations are hyperbolic and causal. 

So we demonstrated that in Einstein spacetimes spin 2 massive field can be consistently 
described by a one-parameter family of theories (0). For any value of the parameter 
the corresponding equations describe the correct number of degrees of freedom which 
propagate causally. Our lagrangian for the spin 2 field in curved spacetime is the most 
general known so far, in all previous works only the theories with specific values of the 
parameter ^ were considered |^, ^. 

The next natural step would consist in building a theory describing dynamics of both 
gravity and massive spin 2 field. In such a theory in addition to dynamical equations for 
the massive spin 2 field one would have dynamical equations for gravity with the energy- 
momentum tensor constructed out of spin 2 field components. The analysis of consistency 
then changes and one needs to have correct number of constraints and causality for both 
fields interacting with each other [|l|]. 

The only known consistent system of a higher spin field interacting with dynamical 

gravity is the theory of massless helicity 3/2 field, i.e. supergravity [^ (see also the book 

5^). In that case consistency with dynamical gravity requires four-fermion interaction. 



If a consistent description of spin 2 field interacting with dynamical gravity exists it may 
also require some non-trivial modification of the lagrangian. At least, it is known that 
lagrangians quadratic in spin 2 field do not provide such a consistency ^ . In the Section 4 
we will describe a possible way of consistent description of the spin 2 field on arbitrary 
gravitational background which is given by representation of the lagrangian in the form 
of infinite series in inverse mass. 

3 Coupling to background scalar field 

Now we investigate a possibility to generalize the above analysis for the case of spin 2 
massive field interacting not only with background gravity but also with a scalar dilaton 
field. This set of fields arises naturally in string theory which contains dilaton field 4>{x) 
as one of its massless excitations. 

Writing a general action similar to (0) for this system one should take into account 
all possible new terms with derivatives of 0(a;) and also containing arbitrary factors /(</>) 
without derivatives of the dilaton fields. For example, string effective action can contain 
in various terms the factors e'^'^, k = const. We will consider here the class of actions for 
the field Hf^u where all these factors can be absorbed to the metric G^j, by a conformal 
rescaling. 

The most general action of this type is 

S = Sg + S^, (36) 

where Sq is the general action without dependence on scalar field (P) and S*,^ can contain 
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(up to total derivatives) ten new terms: 

+ ^HH,,W4>'^^4> + ^H,,H'^^{V<pf + ^H\V<PY^ (37) 

We consider as a background field on the same footing with the metric 0^,^. 

What values of coupling parameters ci , . . . , cio are permissible and how does the con- 
dition on the background (ITBI) change in the presence of 0? To answer these questions 
one should repeat the analysis of the previous section for the action ( |5BD calculating all 
constraints of the theory. 

The equations of motion are: 

+ 2aiRHfj,y + 2a2G^yRH + 2a-iR^"y Hap + 0'ARti°'Hau + aiRi/^Ha^ 
+ a^R^^H + a.G^^R'^^H^f, + ^^^(V^if,.V> + V.//„^V» 

+(C4 - C5)G^.V''if,;3V> - ^^^(i/„.V"V^0 + ff„^V"V.0) 
-cii7^,VV - C2G^,HV^<P - c^HV^VA - c^G^^H^pW'V^^) 

+2c<,H^,{V<Pf + 2ci^G^,H{V<Pf - m^H^, + m^HG^, = (38) 

Introducing of background dilaton does not change the second derivatives terms in 
the equations and so y^W = E^^ ^ are again primary constraints. Conditions of their 
conservation should give D secondary constraints: 



<^i') = WE^o = 7;ic3-ce + c,-c,)G^'Vk<PiG''Hoo + 2G'^Ho,) + 



y^f = V^E^, = -^(c3-C6 + C4-C5)G°°V,0(G°°i^oo + 2G°^i^o,) + ... (39) 
Hence we should impose the restriction 

C3 - C6 + C4 - C5 = 0. (40) 

in order to cancel second time derivatives in (y9^^\ Note that without dilaton couplings 
these expressions do not contain second derivatives at all and represent constraints for 
any values of non- minimal couplings with gravity (|12D . 

We will restrict ourselves to even simpler particular class of the theories with 

C3 = Cq, C4 = C5. (41) 
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Then the secondary constraints contain first time derivatives of Hq^ with the following 
coefficients (|14[): 



A 



B^ 






G°° [2(ai + a2)R - (ci + C2) V^ + 2{c^ + Ci^){V<Pf 
+ (a4 + a5)i?°° - (C3 + C4)V°VV + {c^ + Cg) VVvV 
+ G°° [{a, + as - l)i?% - (C3 + C4) VqVV + (ct + Cg) Vo0V°^ 
2a3i?°^o° + G"^' ["^' + (2ai + 4a2)i? - (ci + 2C2) V^^^ + (2c9 + 4cio)(V0)' 
+ (a4 + 2a5)i?°^' - (C3 + 2c4) V°V^0 + {c^ + 2c8) VVV^0 
+ G°^' [(a4 + 2a5)i?% - (03 + 2C4) VoVV + (07 + 2c8)Vo0V° 



+ G 



00 



(a4 - 2)R\ - C3V0VV + crVo^V^ 



G 



00 



(04 + as - l)R\ - (C3 + C4) ViVV + (C7 + C8)Vi0V°<; 



203/?°^',° + G°°5| [-m^ + 2aii? - ciV^^ + 2c9(V0)^ 



+ 5,^ 



OwO, 



7O iwO, 



04/?'"'' - C3V^V> + V>V 



+ G"" [(a4 - 2)Rh - csV^V'(j) + cjV^Vh^ 

+ G^' [(04 + 2as)i?° - (C3 + 2c4) ViVV + {cj + 2c8) Vi0V^ 



The simplest way to make the rank of the matrix $ ( p^Sf ) with the elements 
equal to i5 — 1 consists in the choice 



(42) 
to be 



R 



fit/ 

Cl = -C2 



-ttUr ^i, , 



C3 



2ai + 2a2 
-C4 , 



D 

Cj = -cs 



, 03 = a4 = as = , 

, Cg = -Cio . 



(43) 



supplemented by (p]) 

In this case consistent action for the spin 2 field interacting with background gravita- 
tional and scalar fields contains five arbitrary constant parameters: 



2 



+ |v>V^/7„.if^'^ - 1 



V''<j)V^H^^H - ^VyVHH^, + ^VVV^i^/ff^^g 



+ k^yvyH^o.H,'' - |v^0V^0ff^,if + ^{VcPfH.^H^^'' - |(V0)2ff2 



m 



m 



—H,,^'' + —H 



<- liv 



(44) 



and conservation conditions for the secondary constraints y^lf^ = V^ E^i, can be used for 
building one new constraint: 



V 



(3) 



V^V^E^, + (CsV^^V^^ - C2V^V'^0)^, 



^lU 
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+ (rn' + ^^^i? - (C3 + 2C4)(V0)^ + (Ci + C2) VV) ^^G'^E,. 
= ^aHf,^ [-2C2R^''^^V p(f) + 2C3 V^ V>V"0 - 2C3V^ V"0 V^ 

+ (V.H - W^H^,) [2(Ci + C2)V"VV + ^i?^^^ - 2C3V>V'0 

- 2(C3 + 4C4)V^V>V,0] + H^,r{<P) + Hf{<P). (45) 

Here f^'^ and / are functions of the scalar field and its derivatives, we will not write the 
explicit form of them here. The important fact about this constraint is that it does not 
contain the time derivative of the field component Hqq. Hence, the conservation condition 
0^^) '^ does not contain the acceleration ^00 and leads to another one constraint (y?*^^-* 
providing thus the correct total number of constraints in the theory. The acceleration Hqq 
is defined only from the condition ip^^' «i 0. For any values of the coupling parameters 
the theory (|4^ ) describes correct number of degrees of freedom. 

Causality in presence of dilaton may be violated even in the flat spacetime. It follows 
from the fact that in general the constraints y^lf^ and v?^^-* cannot be solved algebraically 
with respect to the trace H and the longitudinal part V^H^^ and used for cancelling the 
corresponding terms in the equations of motion. As a result, the characteristic matrix 
differs signifigantly from its fiat counterpart and the characteristic equation may pos- 
sess new non-trivial solutions spoiling causality for some values of the parameters (, ^. 
We postpone a detailed study of the causality in the presence of dilaton for a separate 
publication. 

In the rest of the paper we will be considering only pure gravitational background 
when the scalar field 6 is absent. 



4 Consistent equations in arbitrary background 

In previous sections we analyzed a possibility of consistent description of the spin 2 field 
on arbitrary Einstein manifold. Now we will describe another possibility which allows to 
remove any restrictions on the external gravitational background by means of considering 
a lagrangian in the form of infinite series in inverse mass m. Existence of dimensionful 
mass parameter m in the theory let us construct a lagrangian with terms of arbitrary 
orders in curvature multiplied by the corresponding powers of 1/m^: 



_L '^^ R W n<^l^ _L ^2 R ^72 I '^3 r,fj,aui3 rr rr , ^4 pQ/3 jj rr <t , '^5 pQ/3 tt tt 
+ -rrimapri + —rin + — -K n^ytlap + —K liaa^iS + -^-K -na/3-n 

+ -^{RVHVH + RHVVH + RRHH) + -^{RRVHVH + RRHVVH 

+ RVRHVH + RVVRHH + RRRHH) + o(^) 
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2 9 



— iJ^.i/'^'' + —H'^ (46) 

Actions of this kind are expected to arise naturally in string theory where the role of mass 
parameter is played by string tension m? = 1/a' and perturbation theory in a' will give 
for background fields effective actions of the form (^) |. 

Possibility of constructing consistent equations for massive higher spin fields as series 
in curvature was recently studied in where such equations were derived in particular 
case of symmetrical Einstein spaces in linear in curvature order. 

Here we will demonstrate that requirement of consistency with the flat spacetime 
limit can be fulfilled perturbatively in 1/m^ for arbitrary gravitational background at 
least in the lowest order. We will use the same general scheme of calculating lagrangian 
constraints as in the previous sections. The only difference is that each condition will be 
considered perturbatively and can be solved separately in each order in 1/m'^. 

Primary constraints in the theory described by the action ( ^6]) should be given by the 
equations E^^ ^ 0. Requirement of absence of second time derivatives in these equations 
will give some restrictions on coefficients in higher orders in l/m"^, for example, in terms 
like RVHVH. 

Secondary constraints in the lowest order in l/m? were already calculated in the Sec- 
tion 2 (|1^). Consistency with the fiat spacetime limit requires existence of one additional 
constraint among conservation conditions of these secondary constraints. So we should 
calculate the rank of the matrix 






A B^ 

C, D,^ 



(47) 



with the elements in the lowest order given by ([T^)- The advantage of having a theory 
in the form of infinite series consists in the possibility to calculate the determinant of the 
above matrix perturbatively in 1/m?. Assuming that the lower right subdeterminant of 
the matrix is not zero (it is not zero in the fiat case) one has 

det h = {A- BD-^C) det D , det D ^ (48) 



Converting the matrix D perturbatively 










m 


' 6' 

2(^00 « 


+ 


/ 1 



(49) 

we get 

A - BD-^C = i?G°°2(ai + aa) + i?°°(2a4 + 2a5 - 1) + O ( ^] (50) 

So consistency with the fiat limit imposes at this order in m"^ two conditions on the five 
non-minimal couplings in the lagrangian (^6[) and we are left with a three parameters 



■^In fact, string theory should lead to even more general effective actions than (Eq) since in the higher 
a' corrections higher derivatives of all background fields should appear. 
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family of theories: 



6 






(51) 



The action ( ^6D then takes the form: 

+ —^naptl '^ — y-K-H H it ' Jdatrrlp + —it "^ Hapn 



(52) 



In this case the rank of the matrix $ is equal to D — 1 and one can construct from 
the conservation conditions for the secondary constraints 



Vo</^[,') = Vo V^E^. = -l/ffo^ + . . . 



one linear combination which does not contain acceleration Hi 



(53) 









VoV?. 



(2) 



(54) 



After excluding the accelerations Hij by means of equations of motion this expression will 
represent a new constraint restricting the trace of the field H. To make it covariant we 
can add spatial derivatives of the secondary constraints ~ V-jV^E^y-. 



^ 



(3) 



+ ^sR^'^'^V^V^H^f, + (1 + 26 + 2^3) V^i?"^(V^/7„;3 - VaH^^) 
+ (^ - 26 + 6) V"i?(V„i/ - V^H^^) + (-6 + ^)HV^R 



+ H, 



aP 



1 



;i+6+e3)v^i?"^ + (--+6-6 



— )V"V^i? 



CsR'^^R"^ + ^^R^^^'R.u] + 0(— ) 



(55) 



Derivatives of the field Hfj,„ enter this expression in such a way that it does not contain 
the accelerations Hqq, ifo^ ^^^ the velocity ifoo- This velocity does not appear in (|55| ) 
after excluding the accelerations Hij because the equations of motion do not contain Hqq 
either. It means that just like in the flat case the conservation condition ip^^^ ?» leads to 
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another new constraints Lp^'^'^ and the last acceleration Hqq is defined from 0*^^^ ^ 0. The 
total number of constraints coincides with that in the fiat spacetime. 

The constraints y^'-^-* and Lp^^f* can be solved perturbatively in l/m? with respect to the 
trace and the longitudinal part of H^^: 



H + 0(\), ^f^V^H,, + 0(\) (56) 






and used for simplifying the form of the original equations of motion. It is convenient to 
take these equations in the following linear combination which does not contain the term 



1 



E^i, — — — -G^iyG Eafj 



V^H^, + V^V^H - V^V"H,, - V.V^if,^ + -^^G'^.(V"V^if„;3 - V'if) 



m H^y + ^iRH^u + (^3 + 2)i?^°j, Haj3 — (7; + ^2){R^l°'Hau + Ru°'Ha^) 



+ i2R^..H - -^G^^RH + ^^-J^-Ig^.R'^^H^p + 0(\). (57) 

D — i U — 1 ^ni'^' 

Adding to these equations a suitable combination of the constraints (^) we obtain that 
in the lowest order in 1/m? the spin 2 massive field is described by the conditions 

V H^y — m Hf^i, + ^iRH^iy + (^3 + 2)_R^°j, Hap — {7: + ^2){Rti°'Ha,y + Ry'^Ha^j) 

, 6 - 6 - 1 ^ T^aQTT . r^( ^ 



'-G^,R''^H^p + O{—)=0, 



D-1 '^^ "^ Vrn2 

H + O(^)=0, V^H^, + O(^)=0 (58) 

and also by the D primary constraints -E°^. We see that even in this lowest order in rn^ 
not all non-minimal terms in the equations are arbitrary. Consistency with the fiat limit 
leaves only three arbitrary parameters while the number of different non-minimal terms 
in the equations is four. 

However, if gravitational field is also subject to some dynamical equations of the form 
Rfiu = 0{l/rn^) then the system ( ^8]) contains only one non-minimal coupling in the 
lowest order 

V^H^, - m^H,, + (^3 + 2)i?//iJ„^ + 0(-^) = 0, 



H + 0(\) = 0, V^H^, + 0(\ 



R^u + 0(\)=Q (59) 



rn? 



and is consistent for any its value. 
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Requirement of causality does not impose any restrictions on the couplings in this 
order. The characteristic matrix of (^Hj) is non-degenerate, second derivatives enter in the 
same way as in the flat spacetime, and hence the light cones of the field H^^ described 
by (^) are the same as in the flat case. Propagation is causal for any values of ^i, ^2, 
^3. In higher orders in 1/m? situation becomes more complicated and we expect that 
requirement of causality may give additional restrictions on the non-minimal couplings. 

Concluding this section we would like to stress once more that the theory (|S2|) admits 
any gravitational background and so no inconsistencies arise if one treats gravity as dy- 
namical field satisfying Einstein equations with the energy - momentum tensor for the 
field if^jy. The action for the system of interacting gravitational field and massive spin 2 
field and the Einstein equations for it are: 



S = Se + Sh, Se = —^ J d^'x^^R, 

Rf,u- -Gf,uR = K ~T T = —==—— (60) 



with Sh given by (|S^). However, making the metric dynamical we change the structure 
of the second derivatives by means of nonminimal terms ~ RHH which can spoil causal 
propagation of both metric and massive spin 2 field |jl|. This will impose extra restrictions 
on the parameters of the theory. Also, one can consider additional requirements the theory 
should fulfill, e.g. tree level unitarity of graviton - massive spin 2 field interaction [^. 

5 Open string theory in background of massive spin 
2 field 

In this section we will consider sigma-model description of an open string interacting 
with two background fields - massless graviton G^i, and second rank symmetric tensor 
field H^y from the first massive level of the open string spectrum. We will show that 



effective equations of motion for these fields are of the form ( pQ]) and explicitly calculate 
the coefficient ^3 in these equations in the lowest order in a' . 
Classical action has the form 

S = S, + Si = -^[ d^z^g'^^'daX^OkX^G,, + -^ / edt H.^x^x-' (61) 
Aira' Jm ivra'/i JdM 

Here /i, z/ = 0, . . . , D — 1; a,b = 0,1 and we introduced the notation 30^ = ^. The first 
term Sq is an integral over two-dimensional string world sheet M with metric Qab and the 
second Sj represents a one-dimensional integral over its boundary with einbein e. We work 
in euchdian signature and restrict ourselves to fiat world sheets with straight boundaries. 
It means that both two-dimensional scalar curvature and extrinsic curvature of the world 
sheet boundary vanish and we can always choose such coordinates that gab = ^ab, ^ = ^■ 
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Theory has two dimensionful parameters, a' is fundamental string length squared, D- 
dimensional coordinates x^ have dimension ^fo' . Another parameter /x carries dimension 
of inverse length in two-dimensional field theory (|6l|) and plays the role of renormalization 
scale. It is introduced in (^) to make the background field H^u dimensionless. In fact, 
power of /i is responsible for the number of massive level to which a background field 
belongs because one expects that open string interacts with a field from n-th massive 
level through the term 

//-"(a')""^ / edt x^' . . .x^"+^i7^,...^„+,(a;) 

JdM 

The action (^Tj) is non-renormalizable from the point of view of two-dimensional quan- 
tum field theory. Inclusion of interaction with any massive background produces in each 
loop an infinite number of divergencies and so requires an infinite number of different 
massive fields in the action. But massive modes from the n— th massive level give vertices 
proportional to /i~" and so they cannot contribute to renormalization of fields from lower 
levels. Of course, this argument assumes that we treat the theory perturbatively defining 
propagator for X^^ only by the term with graviton in (0). Now we will use such a scheme 
to carry out renormalization of ( |6lD dropping all the terms 0{fi~^). 

Varying ( pT]) one gets classical equations of motion with boundary conditions: 

g^'Dadtx"" = g'^'idadtx'^ + r^,(G)9,x'^9,x'^) = 0, 

G,,dnx%j^ - -Vix'^H^, + -x^^x\V,H,^ - V,H,^ - VxH,,) = (62) 

where 9„ = n°-da, n"- is unit inward normal vector to the world sheet boundary and 
V^x^ = x^ + T'^^^{G)x'^ x'^ is the derivative covariant with respect to D-dimensional diffeo- 
morphisms. 

To calculate divergencies of one-loop effective action T)^-'^ we need to expand ( pT] ) up 
to the second order in normal coordinates 

^M = a;M+^M_lr^^^«^'3^0(a (63) 

around a solution x^ of classical equations of motion 



r«4Trln(^o.. + ^^..) 



^Tr In Soc^p + ^TrV^.G^;^ + 0{^i~^) (64) 

^ _J^ 1 ,, S'Sj 



Here Green function Gq of the operator Soa-y is defined as 

2na'Soa^G^o'' = € 
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The terms 0{fi^'^) in ( |64D contribute to renormalization of the second and higher massive 
levels only and will be omitted from here on. 

Explicit calculations give the following expressions for Va/3 and Soa/3 



Soajsiz, Z ) 



27ia 

1 



^— {G^pg^'DaD, + g'''daX>'d,x^R^,p,) 5{z, z') - 



27ra 



-5dM{z)Gc,pn''Da5{z,z') 



V^p{z,z') = 6aM{z)j:KA^)i'^tmz,z' 



k=0 



K 



(0) 



a/3 



/if3u 



K 



(1) 



af3 



K 



(2) 



af3 



~2VpH^J)1x^ + x^x" iy^VpH^, - 2VfsV,H^^ - 2H^^R' 

-2H^p (65) 



Here delta- function of the boundary 5qm{,z) is defined as 

5aM{z)V{z)^Jg{z)d^z = l_V\z(zOMe{t)dt 



M 



dM 



(66) 



Using dimensional regularization and following the procedure [^ one gets divergences 
of the Green function and its derivatives: 



Tr InS'o-a/ 



G\ 



0/3 



VtG\ 



^tGop 



\div 

div 

dM 
div 

dM 
div 

dM 



/i- 



2Tie Jm 

-£ 



d^+'z^g''%x^d,x''R, 



y,v 



/i 



vre 



-Or. 



^ g'^'daX^d.x'^Ry^p 

2716 



dM 



(67) 
(68) 
(69) 



As a result, divergent part of the one loop effective action has the form 



-(1) 

div 



^ I d'+'z^g^'daX^'dtx'R,, 
A-KE Jm 



/^ 



/ dte{t)x^x'' (V^H^u - 2i?^"if„. + Ri^'^/H^p 

JdM ^ 



2tT6 JdM 

which leads to one-loop renormalization of the background fields: 



(70) 



G 



flU 






' ^v 



flU 



a' ^^ 



H^,. = fi'H,, + -^(v'H^,-2R\^H,)^ + R^^/H, 



a/3 



(71) 



with circles denoting bare values of the fields. We would like to stress once more that 
higher massive levels do not influence the renormalization of any given field from the lower 
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massive levels and so the result (^) represents the full answer for perturbative one-loop 



renormalization of G^^, and if^jy. 



Now to impose the condition of Weyl invariance of the theory at the quantum level 
we should calculate the trace of energy momentum tensor in d = 2 + e dimension: 



T{z) = gab{z) 



6S 



6gab{z) Sira 



'^ -g''\z)daX^dbx''G^ 



flV 



^^-^H^,x^x''63m{z) (72) 



performing one-loop renormalization of the composite operators g {z)daX'^dbX'^Gni, and 



Hfj^yX^^x" . 



Divergencies in vacuum expectations values of the operators 



< H^.x^x'' >-- 



JVxe 






(73) 



are calculated by standard background field method with the use of normal coordinates 
(|6^) as quantum fields. 

In the one loop approximation it is enough to expand the composite operator and the 
action in ( [73| ) up the to second order in normal coordinates and we neglect the terms 
more than linear in H^^, as giving only contributions to renormalization of higher massive 
levels: 



< x^x'H^, > = x^xH^,{x)+ < Ce >o x'^xl^-Va'^fsH^^ix) + R\(,^H^,{x 



1. 



(74) 



Here 



< r(^)e^(^') > 



J-D^e 



■^So;M.[S]CT^a(^)^/3(2' 



J-D^e- 



S0;m-W?''«" 



2^U;iJ.. 



27cGf{z,z') 



is Green function for the fields C,'^. 
Using (|69D one gets: 



<x^x''H^,> = i2-'t^^''(H^, + '^R%H^,-^V^H^, 



A'' ab 



g^'daX^dbx''R,%''H^p + (/ 



in] 



(75) 



(76) 



Renormalized composite operator should have finite expectation value and so the renor- 
malization should have the form (we use minimal subtraction scheme): 



x^x^H, 



fMU 



/i 



i^x''(H^, + -R''^H^,--V^H, 



fX~ 



X' 






e 
+ (/m) 



^v ) 



(77) 
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where (. . .)o and [. . .] stands for bare and renormalized operators respectively. Expressing 

o 

bare values of background field H^iu in terms of the renormalized ones (|71|) we finally see 
that in the lowest order in a' the operator does not receive any renormalization: 



x^x"" H 



Mi'/O 



^-'[x^'x^H^ 



^u\ 



(7J 



After the same but more tedious calculations we get the following renormalization of 
another composite operator: 



{g'^'dax^d.x'' G^,)o = fi' g'^'daX^dtx^iG 



a 



' flU 



R 



pi/j 



(79) 



+ 



a'fi-'+' ^ 



H^''6'^j,,{z) + Vfx^iV^H^'^ - AV''H^^)6aM{z) 



and build the renormalized operator of the energy momentum tensor trace: 

2 



87r[r] 



g'^'dax'-dbX^E^^Ji 



X, 



/i 



6aM{z)[x'^x''El^J{x) 



1 



A* 



+ -5': 



^ 



dM\ 



\e^^\x\ 



(80) 



where 



E^Kx) 



Ef\x) 
E^^\x) 



R 



ijbp 



O(a') 



V H^y — V^V^Hau — V^V^ifa^ 



R 



a (3 



H^p + -y^N.H^'' - -H,, + 0{a' 



a' 



HJ' + Oia') 



(81) 



Terms of order O(a') arise from the higher loops contributions. 

The requirement of quantum Weyl invariance tells that all E{x) in (^) should vanish 
and so they are interpreted as effective equations of motion for background fields. They 
contain vacuum Einstein equation for graviton (in the lowest order in a'), curved spacetime 
generalization of the mass shell condition for the field H^^ with the mass m? = (a')~^ and 
D + 1 additional constraints on the values of this fields and its first derivatives. Taking 
into account these constraints and the Einstein equation we can write our final equations 
arising from the Weyl invariance of string theory in the form: 



V^H^, + R^^f'H^p - -H^, + 0{a') = 0, 



V"i7„. + 0{a') = 0, 
R^u + 0{a') = 0. 



H% + O(a') = 0, 



(82) 
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They coincide with the equations found in the previous section (|59|) with the value of 
non- minimal coupling ^3 = —1. 

In fact, Einstein equations should not be vacuum ones but contain dependence on the 
field H^i, through its energy - momentum tensor T^. Our calculations could not produce 
this dependence because such dependence is expected to arise only if one takes into account 
string world sheets with non-trivial topology and renormalizes new divergencies arising 
from string loops contribution P5| , ^ . 



R,. + 0{a') = T^^ - ;^r^"a, (83) 

where explicit form of the lowest contributions to the energy-momentum tensor T^ can 
be determined only from sigma model on world sheets with topology of annulus. 

In order to determine whether the equations (|82D can be deduced from an effective 
lagrangian (and to find this lagrangian) one would need two-loop calculations in the string 
sigma-model. Two-loop contributions to the Weyl anomaly coefficients E'^*^ are necessary 
because the effective equations of motion ( |ST| , |52D are not the equations directly following 
from a lagrangian but some combinations of them similar to (|5BD. In order to reverse the 
procedure of passing from the original lagrangian equations to (|58|) one would need the 
next to leading contributions in the conditions for V^H^y and H^^, (^). 

6 Conclusion 

Let us summarize the obtained results. We investigated the problem of consistency of 
the equations of motion for spin-2 massive field in curved spacetime and found that two 
different description of this field are possible. First, for gravitational background satisfying 
vacuum Einstein equations ( [T8| ) one can build an action leading to consistent equations 
including the tracelessness and transversality conditions. Of course, such gravitational 
backgrounds include all popular vacuum solutions of Einstein equations such as constant 
curvature spacetimes, Schwarzschild solution, plane waves etc. It would be interesting to 
investigate properties of the massive spin 2 field dynamics on these specific exact solutions. 

Another possibility (naturally arising in string theory) consists in building the theory 
as perturbation series in inverse mass. In the lowest order no problems of consistency 
with the fiat space limit and causality arise and equations of motion have the form (|58|) . 

Then we calculated the equations for the massive spin-2 background field arising in 
sigma model approach to string theory from the condition of quantum Weyl invariance 
in the lowest order in a'. The explicit form of the derived equations (^) appears to be 
a particular case of the general equations in field theory (0). We expect that in general 
in each order in a' the situation remains the same and it is possible to construct the 
part of string effective action quadratic in massive background field which should lead to 
generalized mass-shell, tracelessness and transversality conditions. 
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To determine this part of the bosonic string effective action completely one should also 
consider other massless background field including the dilaton (f){x) and antisymmetric 
tensor B^y{x). Inclusion of dilaton will require investigation of strings with curved world 
sheets and with non-vanishing extrinsic curvature on the boundary which complicates 
the sigma-model calculations. Interaction with massless antisymmetric tensor will be 
especially interesting in presence of a D-brane because such a system is a source of non- 
commutative geometry in string theory (see [^ and references therein). In the limit when 



components of B^^y along the brane are large there should arise some non-commutative 
counterpart of the spin two massive field theory and we hope to derive its explicit form 
in the future. 

Also it would be interesting to repeat our analysis in the case of closed string which 
contains the fourth rank tensor at the lowest massive level. From the field theoretical 
point of view investigation of such higher spin fields interacting with gravity will require 
to generalize analysis made in the Section 2 to the case of arbitrary spin fields whose 



dynamics is governed by more complex lagrangians with auxiliary fields |]I2[. We leave 
this investigation for the future work. 
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